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Abstract. In recent work of T. Cassidy and the author, a notion of complete intersection was 
defined for regular skew polynomial rings, defining it using both algebraic and geometric tools. 
In this article, the definition is modified and extended to a larger class of algebras, namely 
regular graded skew Clifford algebras. Some of the ideas are also discussed for Auslander- 
Gorenstein algebras satisfying certain hypotheses. 



Introduction 

In [21 Definition 3.7], a notion of complete intersection was given for regular skew polynomial 
rings, defining it using both algebraic and geometric tools. This article addresses whether or 
not one can extend this definition to a larger class of algebras, namely to regular graded skew 
Clifford algebras. This latter family of algebras contains the family of regular skew polynomial 
rings. 

Graded skew Clifford algebras were first defined in [2], and may be considered a quantized 
analog of graded Clifford algebras. They are of interest in the classification of quadratic 
regular algebras, in part because regular algebras of global dimension at most two are graded 
skew Clifford algebras, and in part since most quadratic regular algebras of global dimension 
three may be generated using graded skew Clifford algebras ([21 [5]). Hence, it is likely that 
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graded skew Clifford algebras will be useful in the open problem of classifying quadratic regular 
algebras of global dimension four. In the spirit of graded Clifford algebras, the results of [2] 
associate geometric data to graded skew Clifford algebras, and prove that such algebras are 
quadratic and regular if and only if certain geometric criteria are satisfied (see Theorem 1 1.4[) . 

In Section 1, we give the definition of a graded skew Clifford algebra and list the main 
results of [2] that will be useful in our results. In Subsection II. 2\ we list the conditions of 
interest to us in our proposed definition (Definition 12. 8ft of complete intersection to follow in 
Section 2; these conditions entail three algebraic tools and one geometric tool. Our results 
are given in Section 2, with our main results being Theorem 12.21 and Theorem 12.71 These 
results prove that the algebraic tools of the notion of complete intersection may be extended 
to regular graded skew Clifford algebras. However, we demonstrate, in Example I2.1[ that the 
geometric tool employed successfully in (2j Definition 3.7] for regular skew polynomial rings 
fails, in general, on regular graded skew Clifford algebras. Theorem 12.21 also considers similar 
ideas for Auslander-Gorenstein algebras satisfying certain hypotheses. Such algebras are not 
usually considered non-commutative analogs of polynomial rings unless they are regular, so 
it is not clear how useful a notion of complete intersection would be for such algebras if they 
are not regular. 

1. Graded Skew Clifford Algebras 

In Subsection 11.11 we define graded skew Clifford algebras and list the results of [2J that 
will be of interest in Section 2. We list, in Subsection II .2\ some conditions that will be useful 
in our proposed definition (Definition |2.8j) of complete intersection in Section 2. 

Throughout the article, k denotes an algebraically closed field with char(k) ^ 2, M(n, k) 
denotes the space of n x n matrices with entries in k, and k x = k \ {0}. 

1.1. The Algebras and Known Results. 

The following notion of symmetry for square scalar matrices generalizes the standard notions 
of symmetry and skew-symmetry for such matrices. 
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Definition 1.1. [2] For {i,j} C {1, . . . ,n}, let /iy G k satisfy = 1 for all i ^ j, and 

write fi = (/iy) G M(n, k). A matrix M G M(n, k) is called fi- symmetric if My = fiyMji for 
all i, j — 1, . . . ,n. 

Definition 1.2. [2j With /i as above, suppose fin = 1 for all i, and fix /^-symmetric matrices 
Mi, . . . , M n G M(n, k). A graded skew Clifford algebra associated to fi and Mi, . . . , M„ is a 
graded k-algebra on degree-one generators Xi, . . . ,x n and on degree- two generators yi, . . . ,y n 
with defining relations given by: 

n 

(a) XiXj + fiijXjXi = y^M^jjVk for all i, j = 1, . . . ,n, and 

fc=i 

(b) the existence of a normalizing sequence {ri, . . . , r n } of homogeneous elements of degree 
two that span kyi + • ■ ■ + ky n . 

The reader should note that if fiij = 1 for all i,j, and if yt is central in the algebra for all k, 
then the algebra is a graded Clifford algebra. On the other hand, taking Mi, . . . , M n to be 
diagonal and linearly independent shows that regular skew polynomial rings on finitely-many 
generators are graded skew Clifford algebras. 

Although graded skew Clifford algebras need not be quadratic nor regular in general, a 
simple geometric criterion was established in [2], Theorem 4.2] for determining when such 
an algebra is quadratic and regular. In order to state that result, we first define a (non- 
commutative) quadric system. 

Definition 1.3. [2] Fix /i as in Definition ll.2[ and let S denote the regular skew polynomial 
ring 

T 

\ZjZ<i HijZiZj . Z, j 1, . . . , 71 y 

where T is the tensor (free) algebra on generators Z\,... ,z n . We may identify P(S'J') with 
P n_1 , and, under this identification, we denote the zero locus, in P n_1 x P n_1 , of the defining 
relations of 5* by Z. For any q G S*2, we call the zero locus of q in Z the quadric associated 
to q, and denote it by V s (q); in other words, V s (q) = V(q) fl Z, where q is any lift of q to T 2 , 
and V(q) is the zero locus of q in P n_1 x P n_1 . The span of elements q%, . . . , q m in S2 will be 
called the quadric system associated to qi, . . . , q m , and if Vs(gi) fl • ■ ■ fl Vs(q m ) is empty, then 
the quadric system is said to be base-point free. If a quadric system is given by a normalizing 
sequence in S, then it is called a normalizing quadric system. 
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Given /i and S as above, and a /x-symmetric matrix M, one may associate to M an element 
q G S 2 as follows: 



q= [zi ■■■ z n ]M 



Zl 



e S 2 



Theorem 1.4. [2J A graded skew Clifford algebra A = A(fi, Mi, . . . , M n ) as in Definition } l.SA is 
a quadratic, Auslander-regular algebra of global dimension n that satisfies the Cohen- Macaulay 
property with Hilbert series 1/ (1— t) n if and only if the quadric system associated to Mi, . . . , M n 
is normalizing and base-point free; in this case, A is a noetherian regular domain and is unique 
up to isomorphism. 

The "base-point free" property in the previous result is referring to the associated quadric 
system in the skew polynomial ring S yielding a complete intersection in the sense of Defini- 
tion 11.61 below. 

Example 1.5. Let n = 3 and fiij = 1 for all i,j, so, in this example, S is the polynomial ring 
on three variables and all sequences in S are normalizing. Taking 
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we obtain the quadric system 



.2 
^2 5 



-li Z \Z2 + Z 3 , 

which is base-point free. By the preceding result, the graded (skew) Clifford algebra associated 
to \x and the M^ is the quadratic regular algebra 

k(xi, x 2 , x 3 ) 

(X X X 2 + X 2 Xi - x\, X1X3 + £3X1, x 2 x 3 + X 3 X 2 ) 

We will return to this example in Section 2. 



1.2. The Conditions. 

In order to address the notion of complete intersection for a non-commutative graded al- 
gebra A on n generators with a normalizing sequence F — {fi,---,f n } C A of homogeneous 
elements of positive degree, we will be interested in four (possibly equivalent) conditions on 
A and F as follows: 
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I. F is a regular sequence in A; 
II. dim k (A/(F)) < oo; 

III. for each k = 1, . . . ,n, GKdim(A/ (fx, ... , f^)) = n — k; 

IV. there are no right point modules M over A such that Mfk = for all k. 

If deg(/fc) = 2 for all k, and if the right point modules over A are parametrized by the zero 
locus of the degree-2 defining relations of A in P(A^) x P(v4^), then condition IV is equivalent 
to the normalizing quadric system {fi, . . . , f n } being base-point free. 

The definition of complete intersection in [2] that we wish to extend to regular graded 
skew Clifford algebras is based on (2j Corollary 3.6], which proves that conditions I-IV are 
equivalent in the case that A is a regular skew polynomial ring. This motivates the following 
definition in [2J. 

Definition 1.6. [2J Let A denote a regular skew polynomial ring on n generators. If F is a 
normalizing sequence in A of n homogeneous elements of positive degree, then we call Aj (F) 
a complete intersection if the equivalent conditions I-IV hold. 

In Definition 12.81 we extend (with some modification) Definition 11.61 to regular graded skew 
Clifford algebras. 



2. Complete Intersections 

It is a natural problem to seek the algebras A for which two or more of conditions I-IV 
from Subsection II .21 are equivalent. In this section, we show that if A is a regular graded skew 
Clifford algebra, then conditions I-III are equivalent, but that, in general, condition IV is not 
equivalent to conditions I-III. We first address this latter issue via an example. 

Example 2.1. Let A denote the regular graded (skew) Clifford algebra given in Example 11.51 
Since A is a graded Clifford algebra, the elements x\, x\ and x\ are central in A. It follows that 
the sequence F = {fi = x\ , fi = x\, fe = x\x\) is central (and so normalizing) in A. Clearly, 
F is not a regular sequence, since A is a domain, the elements in F are all homogeneous of 
the same degree, and x\f% = f^xf. Using Bergman's Diamond Lemma, it is straightforward 
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to see that GKdim(A/ (F)) = 1, from which we obtain that conditions I-III all fail. However, 
the right point modules over A are given by points in P 2 x P 2 of the form: 

((a, b, 0), (a, -b, 0)) and ((2a 2 , -6 2 , 2ab), (2a 2 , -6 2 , -2ab)) 

for all (a, 6) G P 1 . Therefore, to find the right point modules over A on which the fk vanish, 
we apply each fk in turn to points of the form 

((a, 6, 0), (a, -6, 0), (a, 6, 0), (a, -b, 0)) G (P 2 ) 4 

and 

((2a 2 , -6 2 , 2a6), (2a 2 , -6 2 , -2ab), (2a 2 , -6 2 , 2ao), (2a 2 , -6 2 , -2a6)) G (P 2 ) 4 , 

where (a, 6) G P 1 . Since this computation yields no solution, condition IV holds. Hence, for 
this algebra A and the given sequence F, condition IV is not equivalent to conditions I-III. 

In spite of the preceding example, the next result shows that conditions I-IV are equiva- 
lent for some normalizing sequences in certain graded algebras; the technical hypotheses are 
motivated by results in jl]. 

Theorem 2.2. Let A = ©j>oA denote an N-graded, Auslander-Gorenstein k-algebra of fi- 
nite injective dimension with dinik(v4o) < oo that satisfies the Cohen- Macaulay property with 
GKdim(A) — n G N \ {0}. Suppose F is a normalizing sequence in A of n homogeneous 
elements of positive degree. 

(a) // A is noetherian, then conditions I-III are equivalent. 

(b) If A/(F) = B/(G), where B is a skew polynomial ring on n generators and G is a 
normalizing sequence in B of n homogeneous elements of positive degree, then condi- 
tions I-IV are equivalent for A and F . 

Proof, (a) Part (a) is [2j Theorem 2.5]. (We remark that the proof of [21 Theorem 2.5] 
uses results from jl] that assume dimk(A ) < oo, although this is not explicitly stated in [21 
Theorem 2.5].) 

(b) Suppose Aj (F) = Bj (G), where B and G are as given in the statement. It follows that 
A/(F) is noetherian, so [H Lemma 8.2], implies that A is noetherian. Hence, conditions I-III 
are equivalent by (a). 
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Condition IV holds if and only if A/(F) has no right point modules, and so it holds if 
and only if there are no right point modules N over B such that Ng = for all g G G. By 
[21 Corollary 3.6], this situation happens if and only if dim(S/(G)) < oo. It follows that 
condition IV is equivalent to condition II. ■ 

Since many known Auslander-regular (respectively, regular) algebras satisfy the hypotheses 
of Theorem I2.2[ we have that Theorem 12.21 may be applied to many such algebras. However, 
algebras satisfying the hypotheses of Theorem 12.21 that are not regular are not usually con- 
sidered non-commutative analogs of polynomial rings, so it is unclear how useful a notion of 
complete intersection would be for such algebras. 

In Examples 12.31 and \2A\ we present applications of Theorem 12.21 The reader should note 
that Example 12.41 is not a graded skew Clifford algebra. 

Example 2.3. Let A denote the regular graded Clifford algebra given in Example 11.51 which 
satisfies the hypotheses of Theorem 12.21 Let fa = x\ for all i. Since {f%, f 2 } is base-point free, 
one might first think the geometric data is not helpful for determining information about the 
full sequence F = {fa, f 2 , f 3 }. However, A/(F) = B/(G), where 

k(xi, x 2 , x 3 ) 

D = ~ -, 

{XiX 2 +X 2 Xi, XiX 3 + X 3 Xi, x 2 x 3 + x 3 x 2 ) 

and G = {x\, x\, xf} C B. By Theorem 12.2( b). conditions I-IV are equivalent for A and F. 
Since F is base-point free, condition IV holds, so conditions I-III also hold for A and F. 

Example 2.4. Let A denote the coordinate ring of quantum 2x2 matrices, which is the 
quadratic k-algebra on generators a, b, c, d with defining relations 

ab = qba, bd = qdb, 

ac = qca, cd = qdc, 

be = cb, ad — da = (q — g _1 )6c, 

where q G k x and q 2 ^ 1 ([3]). By [7], this algebra is an Auslander-regular algebra of global 
dimension four with Hilbert series 1/(1 — t) 4 and it satisfies the hypotheses of Theorem 12.21 
However, it is not a graded skew Clifford algebra. Let F = {be, b 2 , c 2 , ad}, which is a 
normalizing nonregular sequence in A, so condition I fails. However, Aj (F) = Bj (G), where 
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B is the k-algebra on generators a, b, c, d with defining relations 

ab = qba, bd = qdb, 

ac = qca, cd = qdc, 

be = cb, ad = da, 

and G = {be, b 2 , c 2 , ad} C B. By Theorem 12.21 conditions I- IV are equivalent for A and F, 
so none of the conditions hold. 

In the next result, it should be noted that it is not assumed that the quadric system asso- 
ciated to the graded skew Clifford algebra A is linearly independent, nor that A is quadratic 
(until (d)). 

Proposition 2.5. Let A denote a graded skew Clifford algebra and let F denote the normal- 
izing sequence of length n given in Definition 1 1 . 2( b). 

(a) The algebra A is noetherian. 

(b) Conditions II and IV hold for A and F. 

(c) // F is regular in A, then A satisfies the hypotheses of Theorem \2.2 and has Hilbert 
series H(t) = 1/(1 — t) n , and conditions I-IV hold for A and F . 

(d) If F is regular in A and if A is quadratic, then A is Auslander-regular of global dimen- 
sion n and the quadric system associated to A is normalizing and base-point free. 

Proof. In the notation of Definition 11.21 we have 

_A_ ^ A ^ k( Xl ,...,x n ) ^ B_ 

(F) ( J2 ^Vk) (xiXj + ihjXjXi : 1 < i, j < n) (G) ' 

where B is a regular skew polynomial ring on generators x\, . . . , x n £ B\ and G = {x 2 , . . . , x^}. 

(a) Since B/{G) is noetherian, it follows that A is noetherian by [TJ, Lemma 8.2]. 

(b) The algebra B/{G) has finite dimension and has no right point modules. Hence, condi- 
tions II and IV hold for A and F. 

(c) The sequence G is normalizing in B and is base-point free. By [21 Corollary 3.6], G is 
a regular sequence in B, and, by [U Theorem 5.10], B/(G) is Auslander-Gorenstein of finite 
injective dimension and satisfies the Cohen-Macaulay property. Thus, if F is regular in A, 
then, by pQ, Theorem 5.10], A satisfies the hypotheses of Theorem 12.21 so conditions I-IV hold 
for A and F. Since the Hilbert series of Bj (G) is h(t) = (1 + t) n and since F is regular and 
normalizing in A, the Hilbert series of A is H{t) = 1/(1 — t) n . 
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(d) By [01 Theorem 1.5], B/{G) is Koszul, since B is Koszul and G is regular and normaliz- 
ing. Thus, A/ (F) is Koszul. Since A is quadratic and F is regular and normalizing, A is Koszul 
by [SI Theorem 1.5]. By (c), the Koszul dual of A has Hilbert series h(t) = (1 + t) n . It follows 
that the right trivial module Ik^ has projective dimension n, so A has global dimension n. The 
result follows by Theorem 1.4. ■ 

The following example shows that A being quadratic does not follow from F being regular 
in Proposition 12. 5( c) (d). 

Example 2.6. Let A denote the graded Clifford algebra given by the symmetric matrices 



Mi 



2 -1 
-1 



Mo 



-1 
-1 2 



Hence, A is a factor algebra of the k-algebra A' on degree-1 generators x, y with defining 
relations 

xy + yx = —x 2 — y 2 , x 2 y = yx 2 , 

and the associated quadric system is given by Z\{z\ — z 2 ), Zi{z\ — z 2 ), which has base-point 
(1, 1). Since x 2 and y 2 are central elements in A', we have that A = A'. Since a basis for A m 
is {x l y^ : i + j — m}, for all m G N, the Hilbert series of A is H(t) = 1/(1 — t) 2 , and, since 
A/(x 2 ,y 2 ) has Hilbert series h(t) = (1 + 1) 2 , it follows that {x 2 ,y 2 } is a regular normalizing 
sequence in A. Thus, by Proposition 12.5( c). conditions I-IV hold for A and the sequence 
F = {x 2 ,y 2 }. Although A satisfies the hypotheses of Theorem 12.21 one should note that A is 
not quadratic and not regular (since (x + y) 2 = in A). The author thanks James Zhang of 
the University of Washington for providing this example. 

Theorem 2.7. Let A denote a regular graded skew Clifford algebra of global dimension n in 



the sense of Theorem X4 



(a) The algebra A satisfies the hypotheses of Theorem \2.2[ 

(b) Conditions FIV hold for A and the normalizing sequence from Definition 1 1 . 2( b) . 

(c) If F is any normalizing sequence in A of n homogeneous elements of positive degree, 
then conditions Fill are equivalent. 
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Proof. The hypotheses imply that the normalizing sequence from Definition 11.2( b) is regular. 
Hence, (a) and (b) follow from applying Proposition 12.5( c). By Proposition 12.5( a). A is 
noetherian, so (c) follows from Theorem 12.2( a). ■ 

Given Theorem 12.7( c). we propose the following definition. 

Definition 2.8. Let A denote a regular graded skew Clifford algebra of global dimension n in 
the sense of Theorem 11.41 If F is a normalizing sequence in A of n homogeneous elements of 
positive degree, then we call A/(F) a complete intersection if the equivalent conditions I-III 
hold. 

Question 2.9. 

(a) Is it possible to define the notion of complete intersection in the spirit of Definition 12.81 
to algebras more general than regular graded skew Clifford algebras? Moreover, are 
any of the hypotheses of Theorem 12.21 unnecessary? 

(b) Would condition IV be more widely applicable if it were to use truncated point modules 
of appropriate lengths in place of point modules? In order to have a geometric condition 
be equivalent to conditions I-III, is a situation similar to that of Theorem 12.2( b) 
necessary? 

(c) In Example I2.1[ a regular graded skew Clifford algebra and sequence were given for 
which condition IV was not equivalent to conditions I-III. Does a similar example exist 
where the sequence contains only homogeneous elements of degree two? 
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